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Abstract. In this paper, the authors deal with the g-Genocchi numbers and 
polynomials with weight zero. They discover some interesting relations via 
the p-adic g-integral on Zp and familiar basis Bernstein polynomials. Finally, 
the authors show that the p-adic log gamma functions are associated with the 
(j-Genocchi numbers and polynomials with weight zero. 



1. Preliminaries 

Let p be an odd prime number. Denote the ring of the p-adic rational integers 
by Zp, the field of rational numbers by Q, the field of the p-adic rational numbers 
by Qp, and the completion of algebraic closure of Qp by Cp, respectively. Let N be 
the set of positive integers and N* = N U {0} the set of all non- negative integers. 
The p-adic absolute value is defined by 

\P\P = -- (1-1) 
P 

Assume jg — l|p < 1 is an indeterminate number in the sense that either g e C or 
q € <Cp. A (/-analogue of x may be defined by 

- (1-2) 
1-q 

satisfying limq^i[a;]g = x. 

A function / is said to be uniformly differentiable at a point a € Zp if the divided 
difference 

converges to /'(a) as {x,y) {a, a). The class of all the uniformly differentiable 
functions is denoted by UD{Zp). 

For / G UDCZp), the p-adic ^-analogue of Ricmann sum for / was defined by 

^ ^(^^'^'^ ^ /(e)M,(e+P"Zp) (1.3) 

in [6, 8], where n G N. The integral of / on Zp is defined as the limit of (1.3) as n 
tends to oo, if it exists, and represented by 

/,(/)= / fiOdfi.iO- (1-4) 
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The bosonic integral and the fermionic p-adic integral on Zp are defined respectively 

by 

/i(/) = lim/,(/) (1.5) 



and 



I-g{f)= \im^I,{f). (1.6) 
For a prime p and a positive integer d with (p, c?) = 1, set 
X = Xd = liniZ/dp"Z, Xi=Zp, 

X* = y a + dpZp, 

(a,p) = l 
0<a<dp 

and 

a + dp^'Lp = [xeX\x = a mod dp"} , 
where a e Z satisfies < o < rfp" and n € N. 

2. Main results 

In [1, 2], Araci, Agikgoz, and Seo considered the g-Genocchi polynomials with 
weight a in the form 

T^= [^• + e]^d/x_,(C), (2.1) 



n + 



where G^+i ^ — G^n+i.q{^) called the g-Genocchi numbers with weight a. Taking 
a = in (2.1), we easily see that 

^ = ^= / rdM-,(0, (2.2) 

where Gn.g are called the q-Genocchi numbers and polynomials with weight 0. 
Prom (2.2), it is simple to see 

E^".9-r = ^ / e«*d/x_,(0. (2.3) 

n=0 -^Zf 

By (1.6), we have 

g"7_,(/„) + (-l)"-i7_,(/) = [2], ^ g^(-i)"-i-V(^), (2.4) 

o<e<n 

where fn{x) = f{x + n) and n e N. See [5, 7, 9]. Taking n = 1 in (2.4) leads to the 
well-known equality 

g/_,(/i) +/_,(/) = [2],/(0), (2.5) 
When setting f(x) = e^* in (2.5), we find 

E^-^ = 4xT- (2-6) 
^ n! oe* + 1 

n=0 

By (2.6), we obtain the g-Genocchi polynomials with weight as follows 

n\ qe* + 1 



n=0 
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By (2.7), wc sec that 



By equating coefBcients of on both sides of the above equahty, we derive the 
following theorem. 

Theorem 1. For n € N, we have 

n + 1 ^ ' 

where Hn(—q~^,x) are the n-th Frohenius-Euler polynomials. 

By (2.5), we discover that 

„=o -^Zp -^Zp 

g/ (a: + ^ + l)"d^_,(0+ / (x + C)" d/z_,(0 



E 

n=0 



n=0 



Equating coefficients of ^ on both sides above equation, we deduce the following 

theorem. 



Theorem 2. For n £ N, the identity 

qHn{-q-\x + l)+Hn{-q-\x) =[2]gx^ 

is valid. 

In particular, when letting q — 1, the identity (2.8) becomes 

Gn{x + 1) + Gn{x) = 2nx''-\ 

where Gn{x) are called the Genocchi polynomials. 

If we substitute a; = into (2.8), then Theorem 2 can be rewritten as Theorem 3 
below. 

Theorem 3. The identity 



(2.E 



(2.9) 



gC?„,,(l) + G 



[2]„ n = l 
0, n 7^ 1 



(2.10) 



is true, where Gn,q are called the Genocchi numbers and polynomials with weight 0. 
When we substitute a; by 1 — a; and q by q^^ in (2.7), it follows that 



n! g ^e* + 1 



n=0 



e* + g 



n=0 



Prom this, we procure symmetric properties of this type polynomials. 
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Theorem 4. The following identity holds 

G„,,-i {l-x) = (-l)"+iG„,,(x). (2.11) 
By using (2.1) for a = and the binomial theorem, we readily obtain that 

G„+i,g(a;) 



n + 



P = / (x + 0"dM-,(0 

Efn\ Gk+i.q n-k 



„n — k 



Further using 



fe=o 
n + 1 /n 



k + l\k 



we obtain 



fe=0 



n+ 1\ 
fc + lj' 

n+l 



/c=l 



n + l 



Thus, wc get the following conclusion. 
Theorem 5. The identity 



G'„,,(ar) = ^(^)G,,,x" 



*;=0 



is true, where the usual convention of replacing (GqY^ by G„,g is used. 

Combining (2.10) with (2.12) leads to the following proposition. 
Proposition 1. The identity 

Go,,=0 and ^(G, + l)" + G„,, = | jf^^' = | 

is true, where the usual convention of replacing (Gg)" by Gn,g is used. 
From (2.12), it follows that 

n+l 



V n+l 



g("r)(5.+i)' 

(n+l)q^G, + lY+qY.{^ly{G, + iy 



k=2 

ri+1 



= {n+l)q[2]g- 



■ n+l 
. fe=2 



fc=2 



n+l 



(n+l)«([2],-Gi,,)-g^(" + MG,, 



Gfc,5 + (n + l)gGi,g 



(2.12) 



(2.13) 
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n+1 / I 1 \ _ 
k=0 ^ ^ 



-(n + l)g[2],-g(G, + l)"+' 

= (n + l)q[2]q + Gn+l,q 

for n > 1. Therefore, we deduce the following proposition. 
Proposition 2. For n> 1, 

Gn+l,q(2) = ^[2]<j H -Gn+l,q- 

q q'' 



(2.14) 



By virtue of (1.6), (2.11), and (2.14), we find 

(n+1)/ (1 -0"dM-,(0 = (n + !)(-!)" / (e-l)"dM-,(0 

= (-l)"G„+i,,(-l) = G„+i,,-i (2) = (n + 1)[2], + g^G^+i,,- 



As a result, we may concluded Theorem 6 below. 
Theorem 6. The identity 



(l-0"dM-<,(0 = [2]<, + 5' 



*^ra+l,q-i 

n+1 



(2.15) 



is valid. 



Let UD{'Lp) be the space of continuous functions on Zp. For / G UD{ljp), the 
p-adic analogue of Bernstein operator for / is defined by 



I.— n \ ^ ! — n \ / \ / 



n—k 



k=0 ^ ' k=0 

where n, /c G N* and the p-adic Bernstein polynomials of degree n is defined by 



Bk,n{x) 



x\l-x) 



n—k 



(2.16) 



Sec [3, 10, 11, 12]. Via the p-adic g-integral on Zp and Bernstein polynomials 
in (2.16), we can obtain that 



Ii = [ BkAO<if^-,{0 

e'=(l-0"-'dM-,(0 



n — k 

E 

n — k 

E 



n — k 



n — k 

I 



{-ly 



Gt+k+l,q 



^+fc+l 



On the other hand, by symmetric properties of Bernstein polynomials, we have 

h = ( B„_fe,„(l-Od/i-q(0 
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k 



s=0 V«/ ./Zp 



Equating /i and I2 yields Theorem 7 below. 
Theorem 7. T/ie following identity holds: 



2 ^n+s+1,0-1 

-'^ ^ i.\ ^ I i^J? + « — \ — nr 

'n-fc\ ^G^+fe+i,, I ^ n + s + 1 



[2], + g^ , fc = 0; 



, s=0 ^ ' ^ 



The p-adic g-integral on Zp of the product of several Bernstein polynomials can 
be calculated as 

. m 

J-^v s=l 

m / s niH hrim-nife / , , 7\ r /• 



y-^ /"iH h rim - mftX ^_^^^G£+mfe+i,g- 

^=0 ^ 



On the other hand, by symmetric properties of Bernstein polynomials and (2.15), 
we have 



^ m 



ni H h tIto + ^ + 1 



= < 
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Equating I3 and I4 results in an interesting identity for g-analogue of Genocchi 
polynomials with weight 0. 

Theorem 8. The identity 

niH \-nm-mk / , , , \ 

E/ni H \-nm -mk\ -^ W+mfc+i,g-i 
V ^ ' e + mk + 1 




^5 true. 



3. Other identities 

In this section, we consider Kim's p-adic g'-log gamma functions related to the 
g-analogue of Genocchi polynomials. 

Definition 1 ([4, 6]). For xeCp\Zp, 

n=l ^ ^ 

Kim's p-adic locally analytic function on x G Cp\Zp can be defined as follows. 
Definition 2 ([4, 6]). For x &Cp\ Zp, 

GpAx) = I [x + ^]g(log[a; + C], - 1) dM-g(0- 

If g 1, then 

Gp,^{x) 4 Gp{x) = [ {x + O[log(a; + 0-1] d/i-^CO- (3-1) 

Replacing a; by | in (3.1) leads to 

{X + O[log(x + - 1] = (X + logx + 5: ^7;^^ - X. (3.2) 

From (3.1) and (3.2), we can establish an interesting formula (3.3) which is useful 
for studying in the theory of the p-adic analysis and the analytic number. 

Theorem 9. Forx&Cp\Zp, 

Gp{x) =(x+ ^) \ogx + y , - X. (3.3) 

\ ^ ) 1)(^ + 2) a;" ^ ' 
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